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1 The AR(1) Model

The AR(1) model
An autoregressive process is one in which the current value depends on its own past values and
an unpredictable shock. The simplest autoregressive model is

Yt = m+ QY1 + &

Because the model uses one lag of y;, it is called an autoregressive process of order 1, or AR(1).
The shock ¢; is white noise. In particular,

E(€t) = 0,

and shocks are uncorrelated across time.
For a stationary AR(1),
6] < 1.

Mean and the mean-centered form
A stationary AR(1) has a constant unconditional mean p. Taking expectations of

Yt =m+ QY1 + &t

gives
p=m+ op.

Therefore,
m

1—¢’

Using this relationship, we can write the same AR(1) as

p= m = (1-¢)u.

Y — = P(yr—1 — 1) + €.

This form is useful because it shows directly how deviations from the mean persist over time. If
0 < ¢ < 1, only a fraction ¢ of today’s deviation from the mean is expected to remain next period.

Forecasting with an AR(1)
Suppose T is the last observed period. From

Yyr+1 = m+ ¢yr + ery,

the one-step-ahead forecast is
Yreir = m+ dyr,

because the future shock has conditional mean zero.
Equivalently, using the mean-centered form,

Yreyr = 1+ o(yr — p).

For forecasts more than one period ahead, use the chain rule of forecasting: use the previous
forecast in place of the future value that has not yet been observed. For example,

Yryoir = M+ QYT
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More generally,
Yranr = K+ o"(yr — ).

Mean reversion
For a stationary AR(1), |¢| < 1, so

o =0 as h — oo.

Therefore,
Yrhi = M

Thus, long-horizon forecasts of a stationary AR(1) revert toward the unconditional mean. When
0 < ¢ <1, alarger ¢ means greater persistence and slower mean reversion.

Forecast errors
The one-step-ahead forecast error is

€TH1|T = YT+1 — Y117 = €T+1-

The two-step-ahead forecast error is

eryoT = ET+2 + PET+1.

Thus, longer-horizon forecasts depend on more future shocks. Forecast uncertainty therefore
increases with the forecast horizon.
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Exercise 1 Forecasting with an AR(1).
Suppose inflation follows
Yy —4= 0-5(yt—1 — 4) + &¢,

where E(e¢) = 0. The most recent observation is
yr = 8.

1. What are the unconditional mean p and the AR coefficient ¢? Is the process stationary?

2. Forecast inflation one and two periods ahead: ¥ 17 and Yo7

3. What happens to the forecast as the forecast horizon becomes large? Explain briefly.
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2 Midterm Review

Review Sheet

The following is a short summary of important formulas and concepts covered so far. It is intended
for review and may not be comprehensive.

Do not bring this sheet to the exam. Enjoy! ©

2.1 Basic Statistics and Probability
Sample mean:
_ 1
=1
Sample variance:
2 1 2
s° = > (i —9)%

n—14%
=1

Sample standard deviation:

s =Vs2.

Cumulative distribution function (CDF):
F(y) =P <y).

Probability of an interval:

Pla <Y <b)=F(b) — F(a).

Quantile function:

Q(p) = F~!(p).

Central 90% interval:

[Q(0.05), Q(0.95)].

Central 95% interval:

[Q(0.025), Q(0.975)].

2.2 Normal Distribution
Normal distribution:

Y ~ N(u,c?).
Standardization:

Y —p
o

Z:

~ N(0,1).
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Normal CDF:

P(ng):q><y_“>.

g

Normal quantile:
Qy(p) = p+o®™ (p).
Useful standard normal quantiles:

®71(0.95) ~ 1.645.

®1(0.975) ~ 1.96.
Central 90% interval:
1+ 1.6450.

Central 95% interval:

1% 1.960.

2.3 Forecast Evaluation

Forecast error:

e=y—7y.

A positive forecast error means underprediction; a negative forecast error means overprediction.

Mean squared prediction error (MSPE):
1.,
MSPE = — Z e2.
=1
Root mean squared prediction error (RMSPE):
RMSPE = vVMSPE.
Mean absolute prediction error (MAPE):
1 n
MAPE = = " ey|.
i
Optimal forecast under squared-error loss:
y=EQy|I).
Optimal forecast under absolute-error loss:

y = conditional median of y given I.



Econ 460: Fall 2026 Handout 4

2.4 Regression

Linear regression model:

yi = Bo + brzi + &

Conditional mean assumption:
E(g; | z;) =0.

Conditional mean of y;:

E(yi | zi) = Bo + Pri.

Predicted value:

Ui = Bo + Brzi.

Test statistic for Hy: 3; = b:

~

po il
SE(B;)
Two-sided 5% test:

Reject Hy if [t| > 1.96.
95% confidence interval for f;:
B; +1.96 SE(3;).

2.5 Forecast Intervals

Normally distributed forecast error:
e=y—7~ N(0,0%).

90% forecast interval:

7+ 1.650.

95% forecast interval:

7+ 1.96v.

Mean of past forecast errors:

n
1
e = — E €;.
n-
=1

Estimated standard deviation of forecast errors:

n

~ 1 _
= n_lz(eife)?

=1

Higher coverage = wider forecast interval.
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2.6 Growth Rates and Real Values
Quarter-over-quarter (QoQ) growth:

100(InY; — InY;_1).

Annualized QoQ growth:

400(InY; —InY;_1).

Year-over-year (YoY) growth for quarterly data:
100(InY; — InY;_y).

Month-over-month (MoM) growth:

100(InY; —InY;_4).

Annualized MoM growth:

1200(InY; — InY;_q).

Year-over-year (YoY) growth for monthly data:
100(InY; — InY;_12).

Real value in index-base-year dollars:

100

Real value = Nominal value X ——.
Price index

2.7 Trend and Seasonality
Time series decomposition:

yr = Ty + S; + Cy.

Seasonal adjustment:

yf A= Yt — §t-

Linear trend:

T, = Bo + bt

Quadratic trend:

T; = Bo + Bt + Bat®.

Detrended component:

ét =Yt — Tt

Forecast with trend and cycle:
Yerhlt = Ty + 6t+h\t-

If C; is i.i.d. with mean zero:

6t+h|t =0.
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2.8 Seasonal Dummies

Quarterly seasonal model using four dummies and no intercept:
yt = N D1t +v2Dot + v3D3t + v4Dag + Ci.

Quarterly seasonal model using an intercept and three dummies:
Yt = bo + b2 Dot + b3 D3t + baDat + Ct.

Intercept in the three-dummy representation:

bo = .

Seasonal dummy coefficients in the three-dummy representation:
bj =vj — M, j=2,3,4.

Forecasted seasonal component if ¢ + / is in quarter j:

Sitn =7

Forecast if ¢t + h is in quarter j:

Yernt = Vi + Copne-

2.9 AR(1) Model

AR(1) model centered around its mean:

Yt — = O(Yt—1 — p1) + &t

Equivalent AR(1) representation:

Yy =m+ ¢yi—1 + €.

Relationship between the intercept and the unconditional mean:
m = (1—¢)u.

Unconditional mean:
m

Hn= ﬂ

Stationarity condition:
lp| < 1.

One-step-ahead forecast:
Yryir = p+ o(yr — p).
h-step-ahead forecast:
Urinr =k + " (yr — p).

Long-run forecast under stationarity:

lim ypypr = p.
h—o00
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Answers

Exercise 1 Forecasting with an AR(1).
Suppose inflation follows
Yt — 4 = 0.5(yt_1 - 4) + &¢,

where E(g4) =0, and yr = 8.

1. What are the unconditional mean p and the AR coefficient ¢? Is the process stationary?

From the mean-centered AR(1),
p=4, é=05.

Since
|| =0.5 < 1,

the process is stationary.

2. Forecast inflation one and two periods ahead: ¥ 17 and yrpo7-

The one-step-ahead forecast is

Ursir =4+ 0.5(8 —4) =6.
Using the chain rule of forecasting,

Urior =4+ 0.5(6 —4) =5.

Equivalently,
Urior =4+ (0.5)%(8 —4) = 5.

3. What happens to the forecast as the forecast horizon becomes large? Explain briefly.

The h-step-ahead forecast is
Grenr =4+ (0.5)"(8 - 4).

Since

(0.5)" =0,
the forecast approaches

Yrinr — 4

Thus, forecasts revert toward the unconditional mean of 4 as the forecast horizon increases.



