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1 Handling Outliers with Dummy Variables

Suppose March’s value, 35, is an outlier in an AR(2). The table shows part of a longer sample,
with lags constructed using the original dates.

Month  y:  w—1 yi—2
Mar 35 9 8
Apr 10 35 9
May 11 10 35
Jun 12 11 10

Option 2a: exclude the outlier only as an outcome
Only March has 35 as the outcome. Add one dummy:

Yt =m+ ¢1yr—1 + G292 + OMarDMar,t + €t

Month  Dypary  Effect on AR estimation

Mar 1 Excluded

Apr 0 Kept: 35 is allowed as a lag
May 0 Kept: 35 is allowed as a lag
Jun 0 Kept

For March, the regression is
35 =m + 9¢1 + 8¢2 + dMar + EMar-
For any given AR coefficients, choosing
OMar = 35 —m — 991 — 8¢

makes March’s residual zero. OLS chooses this adjustment because it minimizes March’s
squared residual without changing any other row’s residual.
Unlike the common intercept m, which shifts every month’s fitted value, dnay shifts only March’s
fitted value. OLS can therefore fit March exactly without worsening the fit for any other month.
For April, the dummy is zero:

10 = m + 35¢1 + 992 + eapr-

April’s residual still affects the AR estimates. Thus, only March’s row is effectively dropped.
Option 2b: exclude the outlier on either side

March, April, and May contain 35. Add three separate dummies:

Yt =m+ G1yi-1 + P2yi—2
+ 6MarDMar,t + 5AprDApr,t + 5MayDMay,t + &t

Month  Dyart  Dapri Dway,: Effect on AR estimation

Mar 1 0 0 Excluded
Apr 0 1 0 Excluded
May 0 0 1 Excluded
Jun 0 0 0 Kept
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The three affected rows are

35=m + 9¢1 + 8¢2 + 5Mar + EMar;
100=m+ 35¢1 + 9@252 + 5Apr + €Apr,
11 =m + 10¢1 + 35¢2 + 5May + EMay-

Each row has its own adjustment, so OLS can minimize all three squared residuals to zero without
affecting the other rows. The AR estimates are therefore the same as if these three rows were
dropped.

For June, all three dummies are zero:

12 =m + 11(}51 + 10¢2 + €Jun-

June’s residual still affects the AR estimates.

Keep the original lags: June still uses May’s 11 and April’s 10, even though their regression
rows are excluded.

2 Forecasting with Trends and Seasonality

1. Forecast using future dates and quarters
Consider a model with a linear trend, quarterly seasonality, and an AR(1):

Y = a+ bt + 62 Doy + 83D3; + 04 Day + dyp—1 + 4.

Here, t counts quarters from the start of the sample, and Dy = 1 in quarter ¢ and 0 otherwise.
The first quarter is the reference quarter.
Suppose estimation gives

~

=1, b=0.1, 6,=2, d3=-1, 6,=3, ¢=05.

The sample starts in 2025.1, so 2026.4 is observation T' = 8. The observed value in that quarter
is yg = 10. We want to forecast the next two quarters:

Date t DQt 1331L D4t
2026.4 (last observed) 8 0 0 1
2027.1 (forecast) 9 0 0 0
2027.2 (forecast) 10 1 0 0

2027.1: all seasonal dummies are zero, and the lagged value is yg = 10:
Yois = @+ b(9) + dys = 1+ 0.1(9) + 0.5(10) = [6.9].
2027.2: the second-quarter dummy is one. Since yg is not yet observed, use ygg = 6.9:
Yiojs = @ + b(10) + 03 + yojs = 1 + 0.1(10) + 2+ 0.5(6.9) = [7.45]

Both forecasts use only information available in 2026.4.

2. Convert growth forecasts to level forecasts
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Let ; = In'Y; be the log level. A log change is the difference between two consecutive log levels:
AlnY; =lnY;,—InY;_;.

For example, a log change of 0.02 represents approximately 2% growth. If we report growth as
y: = cAlnY;, we must divide by ¢ to recover the log change:

Y, —InY, ; = 2.
C

Here, ¢ = 100 for percentage log growth, ¢ = 400 for quarterly annualized growth, and ¢ = 1200
for monthly annualized growth.

Future log level = current log level 4+ accumulated log changes.

For one period,

InYriq = In Yy + 2258

For two periods, add the next change:

Yr+2

Yr+1 + Y742

In Yrio = =InYr+

Thus, replacing future growth with its forecasts,

1
T = 2T + P Z Y1441 |
j=1

To convert the log forecast back to the original units, exponentiate:

Yrinr = exp(Trinr) -

3 Standard Errors and Hypothesis Tests

1. Where does the standard error come from?
Consider y; = o + Bxy + ue. OLS chooses the intercept and slope that minimize the mean
squared residual:

T
(62,,/6’\) = argmm Z (y: — a — bxy)?
Let SST, = S.L | (z; — #)2. The fitted slope is

= > (@ — )y _54 > (@ — Ty
SST SST, '

Hold the regressors X fixed and imagine drawing new errors. The y; values change, so the fitted
slope changes too. Its standard error estimates the standard deviation of these slope estimates
across samples.

Under the classical assumptions, the errors have conditional mean zero, constant variance o
and no serial correlation. Then

2
w?

2 T ~92 ~9
) Oy ~2 Zt:l Uy ) ) Ou
Var(/B | X) - SSTI7 Oy = T _9 ; SEclasswal(B) SST
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The residuals w; = y¢ — a — th estimate the noise around the line. Dividing the estimated error
variance by SST, gives the estimated variance of the slope.

2. Why does the standard error matter for a hypothesis test?

Suppose we estimate B = 0.8 and want to test Hy : 8 = 1. Is a gap of 0.2 large? That depends
on how much the estimated slope typically varies across samples. The t-statistic measures the gap
in standard errors: R

B — Bo
—_
VI Var(3)
————

SE(B)

The box contains the estimated variance of the slope. For the same estimate and the same null
hypothesis, consider two possible standard errors:

t:

=~ =

SE(B) t=(0.8—1)/SE(8) Two-sided test at 5%
0.08 —2.50 Reject Hy
0.15 —1.33 Do not reject Hy

In the first row, the estimate is 2.50 standard errors below 1, beyond the large-sample cutoff of
1.96. In the second, the same gap is only 1.33 standard errors. To decide which standard error to
use, we need to understand the regression errors.

3. Which standard error fits the regression?

Method Error variance Correlation across dates
Classical Constant (homoskedastic)  Zero

Robust May vary (heteroskedastic) Zero

Newey—West May vary May be nonzero

Example. Why use Newey—West for a two-step direct regression? Write an AR(1) for two succes-

sive dates:
Ytr1 = M+ QY + €441,

Yero = M+ QYry1 + Et42-

Substitute the first equation into the second:

Ytrz = m+ (M + oy + €41) + €r42
=m(1+ @) + ¢*yr + der1 + erya -
—_— ——
Ut 42

With mean-zero future shocks conditional on information at ¢, u;ys is the two-step forecast error
using the true parameters. Moving the forecast origin forward one period gives

Forecast made at t: wupyo = dery1 + ,
Forecast made at ¢+ 1: urs3 = @fErr2 ]+ Erps.

The two errors share a shock. If the original shocks are uncorrelated with variance o2, then
Cov(ugso,urr3) = ¢o2. When ¢ # 0, the regression errors are serially correlated. Newey—West

accounts for this correlation when estimating the standard error for a coefficient test.
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4. How do we calculate the Newey—West standard error?
Step 1. Compute one value of z; for each date. Use the same regression as in part 1. For
each observation, calculate the OLS residual and multiply it by the centered regressor:
U = yr — @ — By, 2z = (x4 — T)Uy.
This gives a series 21, 22, ..., 27.

Step 2. Pair the z values by lag. At lag 0, square each value. At lag 1, multiply neighbors. At
lag 2, multiply values two dates apart. Divide each sum by 71"

70—( +25+ '+Z%)/T7

M = (2221 + 2320 + - -+ + zp2r-1)/T,
= (2321 + 2420 + -+ + 2727-2) /T,

=(

2421 + 2520 + -+ zpzp—_3)/T.

If a question gives these autocovariances, start at Step 3.

Step 3. Apply the Newey—West weights.
Let m — 1 be the largest lag included. For each lag j = 1,...,m — 1, multiply 7; by the weight
1 — j/m. The estimated long-run variance is

m—1 .
=5 ~ J ~
Vi = 2) " (1-=)7|
L=7 " < m>%

j=1

The weights decrease with the lag. The factor of 2 accounts for the equal autocovariances at lags
+j and —j. Lag zero appears only once.

Step 4. Convert YA/L to a slope standard error. First compute the sample variation in x:
1 T
Ly
t:l

Then divide V, by T(52)? to get the estimated slope variance. Take its square root:

Vi
T(82)2 .

xT

SExw () =

Use this standard error in the denominator of the ¢-statistic.

Lecture notation. For the zero-mean model y; = Sx; + uy fitted without an intercept, use z; = Uy
in Step 1 and 62 = T—'Y°F | 27 in Step 4.

4 Using Expert and Market Forecasts

Survey forecasts.
Let m; be actual inflation and 73 the survey’s long-run inflation expectation. Their difference is
the inflation gap:

Yt = T — Tt-
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A positive gap means inflation is above the survey expectation; a negative gap means it is below.
Fit an AR model to the gap. For example,

Yt = m+ QY1 + &t

Use this model to forecast the future gap, yrp7-
To recover an inflation forecast, start from the identity

TT+h = TT+h + YT+h-

Future survey expectations are unknown, so assume they remain at today’s value: 77 p7 = 7r.
Then

TP 4hT = TT + Y7 +-h|T-

Thus, forecast inflation equals today’s long-run expectation plus the predicted gap above or below it.

Market forecasts.
Suppose today’s forward rate is the expected future spot rate:

Jraen = E(seyn | ),

where €); is the information available today. Define the forecast error as

Yt+h = St+h — ft,t+h-

¢ Regress the forecast error on information known today:

Yi+n = Bo + P1ze + Upn,

where z; is known at time ¢.

If the forecast already uses today’s information correctly, z; should not help predict its error.
The slope hypothesis is
Hy: 5, =0.

If 1 # 0, the error has a predictable component that we could use to adjust the original
forecast.

e Regress the actual spot rate on the forward rate:

St+h = Bo + B1fei+n + Uitn-

Since
Stah = fta+h T Yiths

the benchmark coefficient on f; ;4 is one:
Hy: 6 =1.
A one-unit increase in the forward rate predicts a one-unit increase in the future spot rate.

Under the exact conditional-mean benchmark above, the intercept (g is also zero in both re-
gressions.
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Exercises

Exercise 1: From growth forecasts to level forecasts

Let Y; be a quarterly series and define annualized growth as
Yy =400(InY; —InY;_4).
Let z; = InY;. The latest observed level is Y = 100. The growth forecasts made at time T' are

Yyry1r =4, Yri2ir = 8.

1. Calculate the forecast change in InY for each quarter. Then calculate the total forecast
change in InY from T to T + 2.

2. Calculate the implied level forecast for Yr 9. You may leave your answer in exponential form.

A student uses 100e%/49°. What is missing from this calculation?

Exercise 2: Newey—West standard errors
Consider the regression

Yyt = a+ Bxy + uy.
Suppose

B=08  T=100, ©&2=1,
where G2 is the estimated variance of z;.
The estimated autocovariances of wy = (x4 — Z)uy are:

Lagj O 1 2 3
o7 1.5 05 0 0

Use m = 4 and the formulas

m—1 ] ‘7
Vi =70 +2 1- 2173 SE = L
L Yo + ~ < m> 7 NW(ﬁ) T(Eg)2
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1. Calculate V7, and the Newey—West standard error of B . Show your calculations.

2. Test Hy : B =1 against Hy : § # 1. Calculate the ¢ statistic using your Newey—West standard
error. Use critical values of —1.96 and 1.96 for a two-sided 5% test. Would you reject Hp?
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Answers

Exercise 1: From growth forecasts to level forecasts

Let Y; be a quarterly series and define annualized growth as
yr =400(InY; —InY; ).
Let z; = InY;. The latest observed level is Y, = 100. The growth forecasts made at time 1" are

Yyry1r =4, Yri2ir = 8.
1. Calculate the forecast change in InY for each quarter. Then calculate the total forecast
change in InY from T to T + 2.
Since y; = 400 A In Y}, divide each growth forecast by 400:

4
First ter: —— =0.01
irst quarter 100 ,

8
d ter: — = 0.02.
Second quarter 100 0

Add the changes for both quarters:

Total forecast change in InY = 0.01 4 0.02 = .

2. Calculate the implied level forecast for Yr 9. You may leave your answer in exponential form.
A student uses 100e%/49°. What is missing from this calculation?

The forecast log level is
xT+2|T = hl(lOO) + 0.03.

Exponentiating gives
Yo = 100003 — 1006003 ~ [103.05].

The student’s calculation includes only the second quarter’s growth. It omits the first quar-
ter’s forecast log change, 4/400 = 0.01. To forecast the level two quarters ahead, we must
include growth in both quarters.

Exercise 2: Newey—West standard errors

Consider the regression
Y = o+ Bry + uy.

Suppose R
B =08, T = 100, o2 =1,

where G2 is the estimated variance of ;.
The estimated autocovariances of wy = (xy — )uy are:

Lagj O 1 2 3
o7 1.5 05 0 0
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Use m = 4 and the formulas

m—1 . =5
~ N 7 N ~ V;
VL:’YO+2Z <1—m> Vi SEnw(B) = WLQ)Q-

j=1

1. Calculate V7, and the Newey—West standard error of B . Show your calculations.

With m = 4, the weights for lags 1, 2, and 3 are

1 3 2 1 3 1
b=y=y 173179 1liTy

Apply these weights to the autocovariance estimates:

~ 3 1 1
Vi=15+2|5(0.5) + 5(0) + ;(0)

= 1.5 + 2(0.375)

- [25)

The estimated variance of the slope is

— 2.25

Take its square root:

SEnw(53) = v0.0225 =[0.15].

2. Test Hp : § = 1 against H; : § # 1. Calculate the ¢ statistic using your Newey—West standard
error. Use critical values of —1.96 and 1.96 for a two-sided 5% test. Would you reject Hp?

The hypothesized value is g = 1, so

B-B 08-1 -02
= o5~ o L)

N SExw(B)

Since —1.33 is inside [—1.96,1.96], we do not reject Hy : § = 1 at the 5% level. There is
insufficient evidence that 3 differs from 1.

10
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5 Midterm 2 Review

Review Sheet

The following summarizes important formulas and concepts. It is intended for review and may not
be comprehensive.

Do not bring this sheet to the exam. Enjoy! ©

5.1 Lag Operators and ARMA Models

Lag operator:

Lyt = yi—1, Ly, = Yp—j-

First difference:

Ay = (1= L)yt =yt — Ye-1.
Multiplying lag polynomials:
(1—aL)(1—=bL) =1~ (a+b)L + abL?.

Geometric expansion:

P 2 2 DY
1_¢L_1+¢L+¢L +oy ol <L

White noise:

E(gy) =0, Var(g;) = o2, Cov(e,es) =0 (t # s).
AR(p):

Yt =M+ Q1yi—1 + - + OpYr—p + €.

MA(q):

Y = p 4 — g1 — - — Ogc4—g-

ARMA(p, q):
p q
Y =m+ Z PjYi—j + et — Z Ojer—;-
J=1 Jj=1

The MA terms above use the slides’ minus-sign convention. The 6; coefficients can be positive
or negative. The order is the largest lag with a nonzero coefficient, not the number of nonzero
coefficients.

Mean of a stationary AR(p) or ARMA(p, q):

m

=g =0y

p=E(y) =

11
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Lag-polynomial representation of an ARMA (p,q):
Let m be the intercept and p = E(y;) the mean of the stationary process.

Intercept form:
d(L)yr = m + 0(L)ey.
Mean-centered form:
O(L)(yr — n) = O(L)es.

The two forms describe the same model, with

m
m=(1l—c¢y—---— , - _
The lag polynomials are

G(L) = 1= 1L - — G,L7,

(L) =1—6L—---—0,L9.

Special cases:
e AR(p): (L) = 1.
e MA(q): ¢(L) =1, and the intercept equals the mean: m = p.

Covariance stationarity:

E(y) = p, Var(y;) = 70 < o0, Cov(yt, Yt—k) = V-

The mean and variance do not depend on the date. The autocovariance depends only on the lag.

Stationarity condition for an AR(1):

¢ < 1.

Invertibility condition for an MA(1):

Yt — b =€p — Oep_q, 0] < 1.

Recovering shocks from an invertible MA(1):
e =(yr— 1)+ 0(ye1— ) + 0 (g2 — p) + -

A finite MA process is stationary for any finite coefficients. Invertibility is a separate condition.

12
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5.2 Wold Representation and Forecast Uncertainty
Wold representation for the stationary ARMA models:

oo o0
yt:MJrZ%‘Et—j, o =1, Z%Q < 0.
=0

j=0
AR(1) written as an infinite MA:

Y—p=er+de1+ o+, by = ¢’

Variance of the series:

Var(y;) = o2 Z wjz-.

J=0

Forecast using known shocks:

o0
YT = 1+ Y VT ;.
i=h

Treat parameters and past shocks as known. Future shocks have conditional mean zero given
information at 7', so their forecast contributions are zero.
Forecast error:

h—1

CTLhT = YT+h = YT4hT = D WiET+hj-
J=0

Forecast-error variance:

h—1

2 2 2
vy, = Var(er ) =0 Z (e
=0

Use the first h weights, starting with ¢¥g = 1. Negative weights still add variance because they are
squared.

MA (2) forecasts:

Yr = p+ & — 01641 — O2e¢ 2.

Yryyr = 1 — brer — b2er_1,
Yryo|r = B — Oaer,

YT+h|T = Hs h > 3.
MA (2) forecast-error variances:
vi=0% Wi=0(1+6),  vi=0*(1+61+63) (h>3).

For an MA(q), forecasts equal the mean when h > ¢, and the forecast-error variance no longer
increases. In particular, the three-step and four-step intervals for an MA(2) have the same width.

13
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Forecast intervals with normally distributed forecast errors:

90% : yT+h|T + 1.65’l)h.

95% . yT+h|T + 1.961}h.

Here vj, = y/v7 is the standard deviation of the forecast error, not the standard error of a regression
coefficient.

5.3 Autocorrelations, Partial Autocorrelations, and Residual Checks

Autocorrelation at lag k: measures the linear relationship between observations k periods apart:

P = COV(yt,yt—k)
Var(y:)

Partial autocorrelation at lag k: measures the relationship between y; and y;_; after controlling
for the intervening lags. It is the coefficient §j in

Yr =m~+ Bry—1 + -+ Brle—r + s

Model patterns

Model Autocorrelations Partial autocorrelations
AR(p) Tail off Cut off after lag p
MA(q) Cut off after lag ¢ Tail off

ARMA(p,q), p,q >0 Tail off Tail off

White noise Zero at nonzero lags Zero at nonzero lags

Tail off: gradually approach zero.
Cut off: zero beyond a certain lag; sample values fluctuate around zero.

Reference bands and residual checks
Approximate 95% reference bands:

1.96
+— T = sample size.

VT

Outside the bands suggests nonzero correlation. For residuals, this suggests remaining time de-
pendence. Inside the bands means no clear evidence at that lag, not proof that the model is
correct.

5.4 Autoregressive Forecasting and Lag Selection

Recursive forecasts (AR(2)):

Ye = m+ P1Yi—1 + P2yi—2 + &4

14
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Estimate one model and replace unknown future values with forecasts:
Yrpir = M+ G1YT + d2yT 1,
Yrgor = M+ 513/T+1|T + oy,
Yrgar = M+ $1QT+2|T + $29T+1|T-

Direct forecasts (AR(2)):
Estimate a separate regression for each horizon h:

Yt+h = ap + Byt + VnYt—1 + Utih-

Use observed values directly, without intermediate forecasts:
Yr4nT = O + Bryr +Anyr—1-

Only use estimation rows with ¢t + h < T

Neither method is always better. Compare out-of-sample accuracy at the same dates and
horizons.

Lag selection: AIC and BIC

e Balance model fit against a penalty for more lags.
e Choose the smallest value of each criterion, using the same series and estimation sample.

e BIC usually penalizes extra lags more heavily, so it tends to select fewer lags than AIC.

5.5 OQOutliers, Date Dummies, and Missing Data
Date dummy:

1, t=s, P
D,; = {0, L4, Y =m+ Z¢jyt—j + 05Dt + 4.

A separate date dummy gives the same AR estimates as excluding that regression row.

Jj=1

One outlier at date s in an AR(p):

Exclude the outlier as Dates requiring separate dummies
An outcome only s
An outcome or a regressor s,s+1,...,s+p

e Use one dummy per excluded row in the estimation sample.
e Keep the original calendar lags.
e Set past-date dummies to zero when forecasting future dates.

Interpolate one missing observation:

~ Y1+ Y1
=t

For logged data, interpolate the logs:

Y, = InY; 4 %2-111Yt+1‘

Both neighbors must be observed by the forecast date.

15
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5.6 Trends, Seasonality, and Growth-to-Level Forecasts

Forecast components and add:
ye=Ti+ St +Ct,  yrynr = Trinr + Srenr + Crnr-

Trend, seasonality, and AR(1):

4

yr = m + bt + Z 0¢Dgt + Ooy1—1 + €.
q=2

Dy = 1 in quarter ¢ and zero otherwise. With an intercept, use three quarterly dummies;

quarter 1 is the reference.

Yrpir = m +H(T+1) + quq,T—'rl + by,

)
| N
N

Yroor = m+0(T +2)+ Y 6¢Dgr+2 + Oyryr-
q=2

Use the future date and quarter. Seasonal dummies repeat every year. Replace unknown

lagged values with forecasts.

Growth to levels:

yy=cInY; —InY;_4).

Use ¢ = 100 for percentage log growth, ¢ = 400 for quarterly annualized growth, and ¢ = 1200

for monthly annualized growth.

h

1
InY)pipr =InYr+ - Z Y1441
j=1

h
1
Yrinr =Yrexp | - D Y
j=1

Sum growth over all intervening periods and divide by the correct scale.

5.7 Standard Errors and Hypothesis Tests

Properties of the regression errors:

2

e Homoskedasticity: constant error variance, Var(u; | X) = of.

2

e Heteroskedasticity: error variance differs across observations, Var(u; | X) = o7.

e Serial correlation: errors at different dates are correlated, Cov(u, us | X) # 0 for some

t #s.

16
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Here X denotes the regressors.

Choosing a standard error:

Method Allows heteroskedasticity? Allows serial correlation?
Classical No No
Robust Yes No
Newey—West  Yes Yes

Test statistic for Hy: 5 = [p:

t:B_BO

—~_ -

SE(B)

For a two-sided 5% test using the normal approximation, reject if |¢t| > 1.96.

95% confidence interval for 3:
B +1.96 SE(B).

Reject Hy if By is outside this interval. R
Changing the standard error method leaves 8 unchanged, but can change the test statistic,
interval, and conclusion.

Overlapping two-step errors from an AR(1):
Uty = P41 + Et42,
Uty = Q€42 + E¢ta.

They share €42, so they are correlated when ¢ # 0. Use Newey—West standard errors for
coefficient tests.

Calculating the Newey—West standard error:
For the zero-mean regression y; = fx; + u¢, 7; estimates the lag-j autocovariance of x;u;.

m—1 .
=5 ~ J ~
Vi = 2 1—= i
L =" + E ( m) Vi

j=1
e m — 1 is the largest lag with a nonzero weight. At lag m, the weight 1 — m/m is zero.

e For example, m = 4 uses lags 1, 2, and 3, plus the lag-zero term.

~

_ %

Here T is the sample size and G2 estimates the variance of x;. Use this standard error in the ¢
statistic and confidence interval.

17
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5.8 Survey and Financial-Market Forecasts

Forecast error: Let y;,; be the forecast made at time ¢.

Ct+hlt = Yt+h — Yt+ht-

Positive error: the forecast was too low. Negative error: the forecast was too high.

Predictability of forecast errors:
For information z; known at the forecast date, estimate

Eryplt = O+ Bt + Upyh, Hy:p=0.
e 5 =0: z; has no linear predictive power for the forecast error.

e Rejecting Hy suggests that x; contains information that could improve the forecast.

e Not rejecting Hy does not prove the forecast is correct.

Standard errors: If overlapping horizons produce serially correlated errors, use Newey—West
standard errors.

18
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