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1 Model with Uncertainty

To simplify the analysis, we make the following assumptions:
e 5 =1: No discount factor
e 7, = 0: Interest rate equals 0

So household’s maximization problem becomes:

C C
CTC&%:LU( t) +u(Cri1)

s.t.
Ci+Ci1 =Y+ Y1

Denote u(Cy) = In(C}), the optimal consumption without uncertainty is:
1
Cr= §(Yt + Yit1)

1
Cit1 = i(Yt + Y1)

1.1 Expectation of future endowment

Household makes decision based on the expectation of future endowment:

max u(C;) + Eyu(C,
e (Ct) + Eyu(Cryr)

Timing

e T = t: Household ”receives” endowment Y;, and consumes C;. The future endowment is
uncertain to the household. Household only knows that it would be either Y}, or Y/ ;.

e T =t+1: Yy is realized and equals either Y;" | or Y/, ;. Household "receives” Y;;; and
consumes Cyiq

Since at time ¢, household only know the expectation of the future income, the opti-
mal decision of consumptions depends on the current endowment and expectation of
future endowment.

Given P(Yy41 =Y/ ) = % and P(Yi41 =Y} ) = %, the maximization problem of household is:

1 1
Cy) 4+ ~u(Cht —u(C!
Cglgg;ﬂ( t)+2U( t+1)+2u( ti1)
Ez’u,(Ct+1)
s.t.
Ci+ S =Y,

Oty = Yy + 5,
Ce1 = Y + 5,

Generally, we can write the Euler equation as:

u'(Cy) = Ey(u'(Cry1))
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1.2 Precautionary savings

Precautionary saving is when your saving under uncertainty is greater than the ”certainty equiv-
alent” saving rate.
Key condition for whether there is a precautionary savings:

Positive precautionary savings < u”'(.) > 0
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Take-away:
e The expectation of future consumption if E(Cy1), which equals 1CJ; + 1C} 4
e The certainty equivalent level of marginal utility is u'(E(Cty))

e [f the endowment is Yt}jrl, then the future consumption is C’[ﬁrl, the corresponding marginal
utility is «/(CJY,); if the endowment is Y}, ;, then the future consumption is Cf, , the corre-
sponding marginal utility is «/(C{, ;). Then the RHS of Euler equation, E(u/(Cy41)), is given
by 3u/(Ctyy) + v/ (Chyq)

Since E(u/(Cy11)) > v/ (E(Cy)), given u/(c) is decrease in ¢, we know that the consumption level is
lower than the certainty equivalent consumption level. So, the savings is greater than the certainty
equivalent savings. So, there is precautionary saving.

Why «() > 0: The third order derivative implies the shape of the marginal utility, which
indicates the relationship of E(u/'(Cyt1)) and v/ (E(Ciy)).
1.3 Increase in uncertainty

If there is an increase in uncertainty, then the difference between Y" and Y increases.
We employ the Euler equation to find if the precautionary savings increase or decrease:

u'(Cel)t = Ey(u'(Cry1))t
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Let’s do the backward induction:

e The endowment Y; of the first period is fixed. Given the constraint of first period, C;+.S5; = Y;.
If C} increases, then S; decreases; on the contrast, if C; decreases, then S; increases

e Since u”(Cy) < 0. If /(C}) increases, then Cy decreases; if v/(Cy) decreases, then Cy increases.

e By the Euler equation: u/(C}) = Ey(u/(Ci41)). If the RHS increases, then the LHS increases.
Suppose there is a increase in the uncertainty, that is:
e Before: Yt’ﬂl and Ytlfr]ll

. yhU2 U2
o After: Y% and Y}
Since there is an increasing uncertainty, Y*{! < Y;*4? and V"' > VU2, Then the corresponding

consumption is CPU! < CPY2 and CIUT > CIV2. That is CP? — ClY3 > CpY — CIULL

We want to see the change in current savings because of the increasing uncertainty, so we have to
fix the expectation of the future consumption at the same level E(Cyy1). See the graph:
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Since u”(c) > 0, when CP? — ClY2 > ChUL — CUL, we have EV2(u/(Ciy1)) > EVH(W (Ciyr)).

By Euler equation, v/(CY?) > «/(CP1). Since u”(c) < 0, we have CY? < CYL. Given the budget
constraint for the first period, C; + Sy = Y;, we have C'SU2; > StU 1 The increasing uncertainty
causes the precautionary savings increasing.

2 Optimal Growth Model

2.1 Connect with Solow model

Consumer side: Euler equation:
u'(Cy)

Y g4
pu'(Ciy1) "
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In the log case, u(Ct) = InCy, v/(Cy) = C%, so we can rewrite the Euler equation as:

Cii1
Cy

:,8(1+Tt)

r¢ is the interest rate on the savings. Household’s savings is right the investment in producer’s
problem, which is converted into capital for production. So, household’s savings interest rate r:
equals the capital return R;yq in the producer’s problem. So,

Cy1
Cy

= B(1 + Rey1)

From the FOC of producer’s problem:
Ripq = OéAt+1K,§1+_11

So,
Ciy1

Cy

Producer’s problem: Recall the Cobb-Douglas production function:

= (1 + 04At+1Kf‘+_11)

Y; = AKPN}
The law of motion:
Kt+1 - (1 - 5)Kt + It

Resource constraint:
Ci+ 1, =Y,

For simplicity, here we assume § = 0 and N = 1. Then the production function and the law of
motion becomes:
Y, = A K¢

K1 =Ke+ I
Combine the resource constraint and production function:
Iy = K1 — Ky
Vi —Ci =K — Ky
Atha — Ct = Kt+1 — Kt
Combine the producer and consumer’s problem

Ciy1
Cy

K — Ky = A K — G,

=B (1+aAK)
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2.2 Solve the steady state

From Cé—tl =p (1 + aAKtaJr_ll), at steady state, Cyy1 = Cy:

L:Cleﬂ(L+aAKm“ﬁ
Cy

B(1+adK* ) =1

, which gives use the steady state capital level K*:

w = (5504)

From K11 — Ky = A K — C}, since at steady state, the capital K* doesn’t change, we have:

AK™ —C* =0
1 B =
C*"=AK™ = AT« o
1-p
Since at steady state, capital doesn’t change, so there is no investment or savings in this economy,
I* = 0. By resource contraint, C; + I; = Y;:

[e3

s _m_ g (B e
Y*'=C"=A (1_5a>

2.3 Dynamic analysis

C >AK% 1 <0,K |

C, Ciy1 >C¢ Ciyp =C¢ Cpy1 < Cy
l

A
/ Kt+l =Kt C = AK“
C <AK% I >0,K?

v
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3 Appendix

3.1 Solve the model with uncertainty

Given P(Yy41 = Y} |) = 3 and P(Y;41 = Y};) = 1, the maximization problem of household is:

1 1
Cy) + =u(Ch —u(C!
C{flgilu( t)+2u( t+1)+2u( i+1)
Etu(ct+1)

s.t.
Ci+ S =Y;

h h
Cir1 = Y1 + 5
14 4
Ci1 =Y + 5
Rearrange the constraint, we have two constraints:

Co+Cly =Y+ Y],

Ci+Cl, =Y +Y,

Then we have the unconstrained maximization problem:

1 1
max u(Cy) + ~u(Y; + Y — C) + zu(Y; + Y, — Cy)
Ct,Cey1 2 2

Take FOC wrt Cy: . )
u'(Cy) = §U/(Cf+1) + §U/(Cf+1)
Generally, we can write the Euler equation as:

ul(Ct) = Et(u/(ct+1))

3.2 Sum of Geometric Sequence

171.T+1
11—z

gx)=1+2+22+ .. +27 =

3.3 Multi-Period Optimal Consumption

Household’s maximization problem:

max  w(Cy) + Bu(Ciy1) + F2u(Criz) + B2u(Crra) + - - + BT w(Cryr)

Co,Crstren
Civ1 Ciyo Ciyr Yin Yiio Yier
C T g T
R i s A R A B A+ )7

The Euler equation is given by:
vt u' (Cy) = B(1 + r)u/(Cysr)

SO7 if 5(1 + 7") = 1, u’(Ct) = UI(Ct+1), then Ct = Ct+1.



Econ 702: Spring 2025 Handout 6

Marginal propensity to consume: how much increase in income could be converted into con-
sumption.

Examples on slides: solve the utility maximization problem, we are able to find:

1 Yit1 Yiir
Cy = Y + +
T4+ BT

1+7) 7 (Q+n)T
Given (14 r) =1, thus g8 = I—Jer:
1

S S, B E—

(Vi + BYis1 + oo + BT Yigr]

Apply the math rule:

1-5
Co= T —grm [Yi + 8o + . 4 87 Veir]
Since B(1 +r) =1, then C; = Cy4q, Vt:
é—i[Y+ﬁY + o+ BT Y]
- t t+1 T - t+T

Then we can calculate the MPC by taking the first order derivative of C' wrt Y;.



